Abstract. It shown that any coideal subalgebra of a finite dimensional Hopf algebra is a cyclic module over the dual Hopf algebra. Using this we describe all coideal subalgebras of a cocentral abelian extension of Hopf algebras extending some results from [4] .
Introduction
Kac algebras were among the first given examples of noncommutative noncocommutative Hopf algebras [5] . They are also called abelian extensions since they satisfy the following long exact sequence of Hopf algebras:
where G and F are finite groups and k G is the dual Hopf algebra of the group algebra kG. Irreducible representations of abelian extensions are completely characterized in [7] .
Our main result describes all left (right) coideal subalgebras of cocentral Kac algebras: Here ⊲ is the induced action of F on G. For the definition of the operator R m,τ h see Equation 3.9.
In [4] the authors described all left (right) coideal subalgebras of Kac algebras of Izumi-Kosaki type. Using this they proved one of the Wall's conjecture for these algebras in the case that both finite groups F and G are solvable. These Kac algebras are introduced in [8] and are Hopf algebras with an additional C * -structure. They are also studied in more details in [9] by considering compositions of group type subfactors.
In this paper we show that one has the same description of the coideal subalgebras as in [4] even without the assumption on the presence of the additional C * -structure. This is compensated by the new characterization of coideal subalgebras given in Theorem 2.1. Also a Hopf algebraic version of the Conjecture 1.1 formulated in [4] follows for cocentral Kac algebras of solvable groups, see Subsection 3.6.
Note that recently, in [2] the authors proved that a cosemisimple Hopf algebra A is a quantum permutation algebra if and only if it is generated as an algebra by the matrix coefficients of all its left (right) coideal subalgebras of A.
It is well known that any finite dimensional Hopf algebra A is a cyclic right A * -module generated by the left integral of Λ ∈ A. In Theorem 2.1 we prove an analogue of this result for left (right) coideal subalgebras of A. It is shown that any left coideal subalgebra S of A is a cyclic A * -module generated by an invariant element y S ∈ S introduced by the author in [3] .
Shortly, the organization of the paper is as follows. In the second Section we prove the result concerning the structure of coideal subalgebras as cyclic modules over the dual Hopf algebra. Section 3 contains the proof of Theorem 1.2. In the last section using the results from the previous section we also describe all Hopf subalgebras of cocentral abelian extensions of Hopf algebras.
We work over an algebraically closed field of arbitrary characteristic and all the other Hopf algebra notations are those used in [10] .
Preliminaries
Recall that a left coideal subalgebra S of H is a subalgebra S of H with ∆(S) ⊂ H ⊗ S. A coideal subalgebra S of H is called normal if S is stable under the adjoint action of H on itself, i.e h 1 sS(h 2 ) ∈ S for all s ∈ S and h ∈ H.
2.1. Invariant elements of coideal subalgebras. Let S be any right coideal subalgebra of a finite dimensional Hopf algebra A. Then A is free over S [12] both as left and right S-module. Let A = S ⊕ (⊕ r i=2 Sx i ) be a decomposition of A as a free left S-modules of rank one. Then the idempotent integral Λ of A admits a decomposition:
with y S ∈ S and y i ∈ Sx i for i ≥ 2. Then equation sΛ = ǫ(s)Λ implies that sy S = ǫ(s)y S for all s ∈ S.
Recall the left and right action of A * on A given by f ⇀ a = f (a 2 )a 1 and a ↼ f = f (a 1 )a 2 . Next Theorem shows that any coideal subalgebra S of A is a cyclic right A * -submodule of A generated y S ∈ S.
Theorem 2.1. Let S be a right coideal subalgebra of A and y S ∈ S be defined as above. Then y S ↼ A * = S.
Proof. From Theorem 6.1 of [12] one has that S is a simple object of the category S M A of relative modules. Clearly y S ↼ A * ⊂ S. We will show that y S ↼ A * ∈ S M A and then the proof will be complete. Since ry S = ǫ(r)y S for all r ∈ S by applying ∆ it follows that 
This shows the first equality and the second is proven similarly.
2.1.1. On the operators L and R of k G . Let G be a finite group and k G be the dual group algebra. Consider the following operators on k
If M is a subgroup of G let A = k (G/M ) l be the space of all linear functions on G which are constant on the right cosets of M in G. Thus
3. Structure of coideal subalgebras of cocentral abelian extensions of Hopf algebras 3.1. The Hopf algebra A. Let A = k G τ # σ kF be an arbitrary cocentral abelian extension of k G via kF . Recall [11] that this means that A fits into the following exact sequence of Hopf algebras:
Moreover the group F acts by automorphisms via ⊲ : F × G → G on the group G. This induces an action of F on the dual Hopf algebra k
Then the Hopf algebra A has the following multiplication structure
and the comultiplication structure given by
Here σ : F × F → k G is a normalized twisted two cocycle of G with respect to the action of F , i.e σ satisfies:
where by definition σ(h, l) :
and satisfies the following two cocycle property:
for all f ∈ F and a, b, c ∈ G.
Moreover one of the compatibility conditions between σ and τ is called Pentagon Equation [1] and it can be written as
We can also assume that both σ and τ are normalized coccycles, that is:
for all g ∈ G and f ∈ F . The antipode of A is given by
3.2. Left coideal subalgebras of A. In this subsection we give a complete description of all left coideal subalgebras of A.
3.3.
Operators L m,τ h and R m,τ h . Define the linear operators on k
for all a, b ∈ G and h ∈ F . The following lemma summarize the properties of these operators which follow from definitions: Lemma 3.10. With the above notations one has that
Proof. The proof is by a straightforward computation.
for any u ∈ k G and any h ∈ F .
Proof. We prove the first formula. Using Formula 3.2 one has
The second formula has a similar proof.
3.4.
Definition of the left coideal subalgebra C(M, H, , λ). Let M ≤ G be a subgroup of G and H ≤ F be a subgroup of F such that M is stable under the action of H on G, i.e H ⊲ M = M. Let also λ : M × H → k * be a twisted bicharacter on M × H, i.e a function satisfying the following properties:
for all m, n ∈ M and h, l ∈ H. Define the following subspace of A:
Lemma 3.18. Let f ∈ k G . One has that f ∈ C λ (h) if and only if
Proof. Note that
Let b i be a set of right coset representatives of M in G. Thus one
Using Equation 3.4 and Condition 3.15 it is easy to check that the functional f [g] satisfies f [g] ∈ C λ (h). Next it will be shown that
is a basis of C λ (h). One has:
Note that by Equation 3.4 one has
. and therefore
Lemma 3.25. With the above notations one has that
for all a, g ∈ G.
Proof. Indeed one has that
and then the conclusion of the Lemma follows from here.
Note that for any u ∈ k G and f ∈ F one can write
for all m ∈ M. Proof. Suppose that f # σ h ∈ C λ (h)# σ h. Then using Lemma 3.13 it follows that
In order to show that C(M, H, λ) is an algebra one has to check the following inclusion
for all hl ∈ F . For all f ∈ C λ (h) and all g ∈ C λ (l) one has that
We used that
by Equation 3.16. Then since
3.5. Left coideal subalgebras of A. In this subsection we show that any left coideal subalgebra of A is of the type C(M, H, λ) as above. This result is inspired by [4] where the left coideal subalgebras where described under the additional assumption of a " * "-structure on A. We will give in this subsection a proof that does not use this assumption but it uses the structure of coideal subalgebras from Theorem 2.1 instead.
With the notations from the previous Subsection define the following linear functionals
Let B be an arbitrary left coideal subalgebra of A. Write the elements of B as b = h∈F f h #h where f h ∈ k G . Note that by Lemma 3.13
Since B is a left coideal, it follows that for each fixed pair of elements
Therefore one can write B = ⊕ h∈F (B(h)#h) with B(h) a subspace of k G which is mapped by R g,τ h to itself for all g ∈ G. Since B is also an algebra, we have
In particular this implies that B(1) is a subalgebra of k G which affords a left representation of G via the operators R g,τ 1 (f ) = f ↼ g. Let H := {h ∈ F |B(h) = 0}. It will be shown next that H is a subgroup of F . Let y B be the left invariant element of B defined in Subsection 2.1. Suppose further that
It follows from Lemma 2.4 that there is a subgroup
for some nonzero elements u h ∈ B(h) and some non-empty subset H ′ ⊂ H. By Theorem 2.1 since B = y B ↼ A * it follows that H ′ = H. Moreover the same Theorem implies that B(h) =< {L a,τ h (u h )} a∈G >, the linear span of the functionals {L a,τ h (u h )} a∈G . Indeed, A * ca be identified as algebras to k
for all x, y ∈ F and a, b ∈ G. Then using Equation 3.13 one has
Thus
Next it will be shown that H is a subgroup of
Without loss of generality one may suppose further that u 1 = δ M . Since B(h) = 0 it follows that there is u ∈ B(h) and x ∈ G such that u(x) = 0. It follows that R x,τ h (u)(1) = u(x) = 0. On the other hand since R x,τ h (f ) ∈ B(h) one can conclude that there is f := R x,τ h (u) ∈ B(h) with f (1) = 0. Therefore for such element f ∈ k G one has that (f # σ h)y B = f (1)y B is a nonzero element of B. On the other hand since
we deduce that hH ⊆ H. Thus H is a subgroup of F . Moreover from Equation 3.35 we deduce that
Evaluating both sides of the last identity at g = 1 it follows that u h (1) = 1 for all h ∈ H. Moreover since (δ M # σ 1)y B = y B it follows that δ M u h = u h for any h ∈ H. This shows that supp(u h ) ⊆ M. On the other hand Equation 3.37 shows that M ⊆ supp(f ) for any f ∈ B(h) with f (1) = 0. In particular, since u h (1) = 1 it follows that supp(u h ) = M. But evaluating Equation 3.37 at any m ∈ M it follows that:
Since supp(u h ) = M this shows that M is stable under the action of
Evaluating both sides of the last equality at m ∈ M one has
Evaluating both sides of the above identity at 1 one gets that u h (m) = λ(m, h) for all m ∈ M. On the other hand evaluating both sides of the same equality at m
and therefore one obtains Equation 3.15, i.e,
for all m, m ′ ∈ M and h ∈ H. For the other Equality 3. . for any a ∈ G. This implies that for any a ∈ G the space Ma −1 is also a right coset of M in G, i.e M is a normal subgroup of G. On the other hand using repeatedly Equation 3.11 it follows that:
= L a (L a −1 ma,τ h (f ))τ 
